
'II. J. StIiids Sllwnfm Vol. IS. pp. 927-934
Perpmon Prm Ud.. 1979. PriIlled in Gnat BrilIiD

THE PERIODIC ARRAY OF INTERFACE CRACKS
AND THEIR INTERACTION

DAVID ScHMUESER and MARIA COMNlNOU
Department of Applied Mechanics and Enaineerin& Science, University of Michigan, Ann Arbor, MI.-sI09,

U.S.A.

(Rtctived 2 Nootrnber 1978; in rtvised form Ftbr&lary 1979)

AIJItnct-A periodic array of interface cracks is considered as a simple model for studyina interface crack
interaction. The novel feature of the solution is the elimination of the oscillatory siJIIUlarities and of the
material overlapping wlrich is accomplished by allowing frictionless contact zones at the crack tips. The
results are obtained for a combination of shear and tension-compression loads applied at infiDity. It is
shown that the stress intnsity faeton become smaller with decreasing distance between the cracks. This
indicates that the spreading of an interface crack is inhibited by the presence of adjacent cracks.

INTRODUCTION
Interface flaws and cracks are of fundamental importance in the fields of composite materials,
rock mechanics and hydraulic fracture. Depending on the application, the growth or coales
cence of pre-existing cracks must either be prevented or enhanced and it is imperative to know
whether the interacting stress fields lead to mutual attraction or repulsion of the cracks. A
comparison of the stress intensity factors of the interacting cracks with those of a single crack
may give an indication. Thus, the natural problem to study first is the interaction of two
interface cracks. For the purpose of gaining insight, however, the computationally simpler
problem of an array of periodic interface cracks is considered in the present paper.

The interaction of interface cracks is by no means a new problem. One should mention the
work of Erdogan[1, 2) who considered various crack configurations and loading conditions.
Unfortunately, in his solutions the effect of material overlapping was dismissed as coafiDed to
extremely small zones near the crack tips and thus insipificant. This misconception was
prevalent in the literature, with the exception of WJ11is[3), until recently[5). Moreover, it was
thought that any attempt to correct the situation must necessarily involve a multitude of
alternating separation and contact zones crowded at the crack tips so as to simulate the
oscillatory nature of the stress fields present in the wrona solution. Both notions. albeit falae,
discouraged work on the problem. In [4) Comminou showed that only a siDale zone at each tip is
required. In [5) and [6) it was found that under shear or combined shear aad teusile loadiwa, the
contact zone at one of the tips is quite large and affects the global nature of the solution. In the
light of these developments, the interaction of interface cracks is presently reconsidered.

FORMULATION

Consider a periodic array of interface cracks with period 2h lyiDa at the interface between
two elastic solids with shear moduli II-It 11-2 and Poisson's ratios JIlt JI2 as shown in Fig. 1. Under
the action of uniform shear stress S and tension T applied at infinity, a representative crack of
length 2L opens over an interval (-:- a, b). Its two faces are in frictionless contact at the tips
over the intervals (- L, - a) and (b, L). The parameters a and b are unknowns of the problem.
The boundary conditions require that the shear tractions vanish over the entire 1eDath of each
crack and the normal tractions vanish over the open part of each crack. To enforce these
conditions, we follow the analysis of [5] and [6) and define the periodic dislocation distributions
Bx(x) and By(x) over the entire length and the open part of each crack, respectively. The
dislocation distributions are related to the gap g(x) between the solids and their relative slip
h(x)

g(x) = u,l2l(X, 0) - uy(J)(x, 0)

h(x) =Ux12l(X, 0) - Ux(J)(x, 0)
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B ( ) =_dh(x)
"x dx ' B,(x)=-~). (3)

FoDowing (5] or [6] we obtain the intearaJ equations

s +C[pa (x) _1 f" B,,({) de] =0
, 1r - .. {-x '

(4)

over the entire lenfth of each crack, and

T-C[~B,,(X)+~ f: :~~ deJ=0, (5)

over the open part of each crack, where

and a is~ in (4).
Using periodicity, the integrals in (4) and (5) are replaced by

(6)

(7)

The series in (6) and (7) are summed by means of the identity[7]

1 .. 2x
- +~ ::r-:z = 1r cot 1rX.x II_I x -n

(8)
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Substituting in (4) and (5), we obtain
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S +C{,BBy(X)- 2~ f~l BAe) cot ['IT(~;X)] de} =0, - L <x <L (9)

T - C{,BBAX) +2
l
h fa By(e) cot ['IT(~; X)] d~} =0, -a <x < b. (10)

To ensure single-valued displacements, we require in addition that

(11, 12)

The integral eqns (9) and (10) can be transformed to equations with explicit Cauchy kernels by
means of the following changes of variables

where

x =Lx',

(!H:.) -tan 2h - ud,

e=Lf

('lTLx')tan 2h =sd

(3)

(4)

Thus, (9) and (0) become

d =tan (;;). (5)

T-C{,BB (s)+! ("2 BI(")(l+tFllS~,,}=O
x 'lTJ"'1 (,,-s)(J+',,2') ,

where

-1<s<1 (6)

(17)

(18)

and the same symbols for the functions were retained in the new variables. Introducing the new
functions

(1) and (2) become

(19,20)

L'I l/1(u) du =0,

Using (19)-(22), (6) and (17) may be written as

1"f2 ~(u) du =O.
"'1

(21,22)

(23)

(24)
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(25)-1<s<1.

Equation (23) can be viewed as a Cauchy integral equation for the unknown function I/I(u)
treating q,(s) as known. The solution, allowing integrable singularities in I/I(u) at -1 and 1 and
with (21) enforced, is [8]:

_ Ss(1 + d2)1/2 Ii f'YZ q,(u)(1- U2)1/2 }
I/I(s) =(1- S2) 112{ CO + d2s2) 1T 'YI U_ s du,

SUbstituting I/I(s) from (25) into (24), we obtain

1 pt~ t pz 4>(u)(1 - U2)1/2 _ T [(3SS(1 +d2
)1/2]

; J'YI u - s du - 1T(1- s2)112 J'YI u - s du - C(1 +d2s2) 1- T(1- s2)112

y, <s <Y2' (26)

The problem is now reduced to the solution of the Cauchy type singular integral equation (26)
with the constraint (22). Equation (26) can be easily put in the form of an integral equation with
a strictly C3Uchy and a repJar kernel. The case of a sinaJe interface crack is obtained in the
limit h -+00 or d ....Oand confirmed by the respective equation in [6]. It is noted that the function
q,(u) is bounded and vanishes at the end points of YI and Y2·

The stress intensity factors for shear K~:tL) can be computed from B,,(x) as [4]

K~:t L) =:t C lim [(L2 - X2)I/2B,,(x)]
x-:tL

(27)

or in the new variables using (19) and (25)

Kz(:tL) S -!f'Y2 q,(u)(l- u2t 2

[ ]
112 = dhll2 + 1 duoCL1/2 2hd C(1 +} 1T '11 U +

1TL(1 +d2)

(28)

The normal stress intensity factors K. are given in terms of K2 [4]

(29)

It is also recalJed from [4] that K I is zero ahead of the crack tips :t L.

NUMERICAL RESULTS

The numerical procedure employed for the solution of the singular integral equation (26)
with the constraint (22) is explained in detail in [5] and [6], and only the results are discussed
here. It suffices to mention that the direct integration method developed by Erdogan and
Gupta{9] was applied. As in {6], it was found that for positive f3 the left contact zone is very
small, or of the order of 10-1L. Left contact zone values ranging from 10-(,L to 10-8L do not
appreciably affect the solution. Thus, in all the results presented here, the left contact zone was
kept fixed and equal to (0.8)l0-(,L. The results were generated for {3 =O.S and various values of
the load and periodicity parameters TIS and h/L. Negative TIS indicates compression.

Figures 2 and 3 show the dimensionless shear stress intensity factors Kz(:t L)ISLI 12 as
functions of TIS for various values of hlL. The curve for hlL =00 corresponds to the single
interface crack[6]. It is seen that the stress intensity factors decrease as the specina between
the cracks decreases, indicating that the cracks do not have a tendency to join and form larger
cracks. The normal tractions (1',,/S in the lar... contact zone are shown in Figs. 4 and 5 for
TIS = 0.4 and -0.4, respectively. The curves exhibit the singular behavior of the contact stress
as x .... L-. The gaps or crack opening displacements aFe plotted for various values of hIL in
Figs. 6 and 7 for TIS =0.4 and - 0.4, respectively. These figures show that as hlL increases, the
right contact zone decreases, while the contact pressure is locally relieved at b.
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Fig. 4. NonnaJ trae:tioa uy,lS in the right contact zone for TIS = 0.4.
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Fig. 5. Normal traction rr"IS in the right contact zone for TIS = - 0.4.
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Fig. 6. Crack opeNlIll displacement gClS for TIS" 0.4 and various values of hlL.
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FII· 7. Crack openiJII dispJaccmeata ,cIS for 11S" -0.4_ various vahIes of 1tIL.
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